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UNIVERSAL STRUCTURES
SAHARON SHELAH
Abstract. We deal with the existence of universal members in a given cardi-
nality for several classes. First we deal with classes of Abelian groups, specifi-
cally with the existence of universal members in cardinalities which are strong
limit singular of countable cofinality. Second, we deal with (variants of) the oak
property (from a work of Dzˇamonja and the author), a property of complete
first order theories, sufficient for the non-existence of universal models under
suitable cardinal assumptions. Third, we prove that the oak property holds
for the class of groups (naturally interpreted, so for quantifier free formulas)
and deal more with the existence of universals.
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Annotated Content
§0 Introduction, 3
§1 More on Abelian groups, 8
[We say more on some classes of Abelian groups. We get existence and non-
existence results for the existence in cardinals like iω. We use a general
criterion for existence.]
§2 The class of groups, 15
[We prove that the class of groups has the oak property (from [DjSh:710]).]
§3 On the oak property, 17
[We continue [DjSh:710], deal with singular cardinals and a weaker relative
of the property.]
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§ 0. Introduction
On the existence of universal structures see Kojman-Shelah [KjSh:409] and his-
tory there, and on more recent survey Dzˇamonja [Mir05]. Of course, a first order
theory T has a universal model in λ for “elementary embeddings” when λ = 2<λ >
|T |; this is true also for similar classes, i.e. for a.e.c. with amalgamation and the
JEP. The question which interests us is whether there are additional cases (mainly
for elementary classes and more generally a.e.c. as above). But here we deal with
some specific classes and embeddability notion.
Now §1 deals mainly with Abelian groups; it continues Kojman-Shelah [KjSh:455]
and [Sh:456], [Sh:552] and [Sh:622]. The second section deals with the class of
groups; it continues Usvyatsov-Shelah [ShUs:789] but does not rely on it. The
third section deals with the oak property continuing Dzˇamonja-Shelah [DjSh:710],
dealing with the case of singular cardinals.
The second section deals with the class of all groups, certainly an important one.
Is this class complicated? Under several yard-sticks it certainly is: its first order
theory is undecidable, etc., and it has the quantifier-free order property (even the
class of (universal) locally finite groups, has this property, see Macintyre-Shelah
[McSh:55]) and by [ShUs:789] it has the SOP3 (3-strong order property). But this
does not exclude positive answers for other interpretations. By [ShUs:789] it has
the NSOP4 (4-strong non-order property), however we do not know much about
this class (though we have hopes).
A recent relevant work is [Sh:F1320], giving new sufficient conditions for “no
universal”, in particular for groups.
Here we consider the oak property from Dzˇamonja-Shelah [DjSh:710], a relative
of the tree property, (hence the name). We prove that the class of groups has the
oak property, hence it follows that in some cardinals it has no universal member.
There is reasonable evidence for the class of linear orders being complicated,
practically maximal for the universal spectrum problem, see [KjSh:409]. The result
says the class of groups is not as complicated as the class of linear orders, so is
“simple” and not so complicated in this respect. So a specific conclusion is:
Conclusion 0.1. 1) The class of groups has the oak property, see Definition 2.1.
2) If λ satisfies, e.g., (∗) below then there is no universal group of cardinality λ
when:
(∗) (a) κ = cf(µ) < µ
(b) λ = µ++ < ppJbdκ (µ)
(c) α < µ⇒ |α|κ < µ.
Proof. 1) By 2.2.
2) By part (1) and [DjSh:710], more exactly by 0.1 which is proved as there. 0.1
In §3 we deal with the oak property, continuing [DjSh:710], showing non-existence
of universal in singular cardinals and dealing with a weaker relative, the weak oak
property.
Concerning the first section note that strong limit singular cardinal λ is a case
where it is easier to have a universal model, particularly when λ has cofinality ℵ0.
So the canonical case seems to be iω . Examples of such positive (= existence)
results are
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(a) [Sh:26, Th.3.1,p.266], where it is proved that:
if λ is strong limit singular, then
{G : G a graph with ≤ λ nodes each of valency < λ} has a universal
member under embedding onto induced subgraphs
(b) Grossberg-Shelah [GrSh:174]:
(α) if λ is “large enough” then similar results hold for quite general classes
(e.g. locally finite groups) where large enough means: λ (is strong
limit, of cofinality ℵ0 and) is above a compact cardinal (which is quite
large).
More specifically,
(β) if µ is strong limit of cofinality ℵ0 above a compact cardinal κ and,
e.g., the class K is the class of models of T ⊆ Lκ,ℵ0 , |T | < µ partially
ordered by ≺Lκ,ω , then we can split K to ≤ 2
|T |+κ classes each has a
universal model of cardinality in µ under ≺Lκ,ℵ0 -embeddings.
Claim 1.11 below continues this, i.e., it deals with strong limit cardinal µ > cf(µ) =
ℵ0, omitting the set theoretic assumption on compact cardinal at the expense of
strengthening the model theoretic assumption.
There are natural examples where this can be applied; e.g. the class of torsion
free Abelian groups G which are reduced (i.e., we cannot embed the rational into
G), but the order is G1 ≤〈n!:n<ω〉 G2 which means G1 ⊆ G2 but G1 is closed inside
G2 under the Z-adic metric; so also G2/G1 is reduced. The application of 1.11 to
such classes is in 1.9(1)(2). Earlier in 1.2 we prove related positive results for the
easier cases of complete members (for λ satisfying λ = λℵ0 or λ the limit of such
cardinals).
We also get some negative results, i.e., non-existence of universal members in
1.9(3) and 0.4.
Recall that classes of Abelian groups are related to the classes of trees with
ω + 1 levels. The parallel of “Abelian groups under pure embedding” is the case
of such trees, in fact, non-existence of universals from Abelian groups under pure
embedding implies the existence of such universal trees.
Lastly, in the third section we continue [DjSh:710] by dealing also with the case
of singular cardinals and proving that the weak oak property is sufficient.
Notation 0.2. 1) For a set A, |A| is its cardinality but for a structure M its cardi-
nality is ‖M‖ while its universe is |M |; this apply e.g. to groups.
2) t¯ will denote an ω-sequence of natural numbers ≥ 2.
3) We use G,H for groups, M,N for general models.
4) Let k denote a pair (Kk,≤k), may say a class k, where:
(a) Kk is a class of τk-structures
(b) ≤k is a partial order on Kk such that M ≤k N ⇒M ⊆ N
(c) both Kk and ≤k are closed under isomorphisms.
4A) We say f :M → N is a ≤k-embedding when f is an isomorphism from M onto
some M1 ≤k N .
5) If T is a first order theory then ModT is the pair (modT ,≤T ) where modT is
the class of models of T and ≤T is: ≺ if T is complete, ⊆ if T is not complete.
6) We may write T instead of ModT , e.g. in Definition 0.3 below.
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Definition 0.3. 1) For a class k and a cardinal λ, a set {Mi : i < i∗} of models
from k, are jointly universal when for every N ∈ Kk of size λ, there is an i < i∗
and an ≤k-embedding of N into Mi.
2) For k and λ as above, let (if µ = λ we may omit µ)
univ(k, µ, λ) := min{|M | : M is a family of members of Kk
of cardinality ≤ µ which is jointly universal
for models of k of size λ}.
To help understanding Definition 0.3, note that univ(T, λ) = 1 iff there is a universal
model of T of size λ.
Claim 0.4. [see [Sh:622]]
Assume λn < λn+1 < µ = Σ{λm : m < ω}, µ+ < λ = cf(λ) = λω < µℵ0 and
χℵ0 ≤ µ,A∗ ⊆ ωχ, |A∗| ≤ µ and UJ0χ↾A∗(λ) < µ
ℵ0 (see Definitions 0.5(7), 0.6
below), also χ < λ0. Then in k
wtr
λ¯
= (Ktr
λ¯
,≤kwtr
λ
) there is no universal member
where (before the proof):
Definition 0.5.
(1) Ktr is the class of T = (T , <), trees with ω + 1 levels,
(2) Ktr
λ¯
is the class of T = (T , <) ∈ Ktr such that the number of elements of
T of level α is λα for α ≤ ω where λ¯ = 〈λα : α ≤ ω〉
(3) Ktr≤λ is the class of T ∈ K
tr of cardinality ≤ λ; similarly Ktrλ
(4) an ≤ktr
λ
-embedding ofM1 ∈ Ktr intoM2 ∈ Ktr means a one to one function
from M1 to M2 which preserve t <T s,¬(t <T s) and levT (x) = α (for
α ≤ ω)
(5) we say f is a weak embedding of M1 ∈ Ktr to M tr2 when : f is a function
from M1 into M2, is one-to-one on {b ∈M1 : b of level ω} and M1 |= “a <
b”→M2 |= “f(a) < f(b)”
(6) let kwtrλ = (K
tr
λ ,≤kwtrλ ), where M1 ≤kwtrλ M2 iff the identity on M1 is a weak
embedding of M1 into M2
(7) J0χ = {B ⊆
ωχ : for some m, k we have (∀η ∈ mχ)(∃≤kρ)(η ⊳ ρ ∈ B)}
(8) (a) M is a standard member of Ktr when :
• the set of members is included in ω≥Ord
• it is closed under initial segments
• the order is being initial segment
(b) M is a standard member of Ktr
λ¯
when
• it is a standard member of Ktr
• its set of elements is ⊆
⋃
α≤ω
∏
n<α
λn.
Recall
Definition 0.6. For an ideal J on a set A and a set B let UJ(B) = Min{|P| : P
is a family of subsets of B, each of cardinality ≤ |A| such that for every function f
from A to B for some u ∈ P we have {a ∈ A : f(a) ∈ u} ∈ J+}. Clearly only |B|
matters so we normally write UJ (λ) (see on it [Sh:589]).
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Proof. Proof of 0.4
We can deal with standard members of Ktr
λ¯
, see 0.5(8)(b).
Let S ⊆ {δ < λ : cf(δ) = ℵ0 and δ is divisible by µω, ordinal exponentiation} be
stationary. By [Sh:g, Ch.III,§1] we can find C¯ such that:
⊛1 (a) C¯ = 〈Cδ : δ ∈ S〉
(b) Cδ is a closed unbounded subset of δ
(c) otp(Cδ) = χ · µ
(d) C¯ guess clubs, i.e for every club E of λ the set {δ ∈ S : Cδ ⊆ E} is a
stationary subset of λ.
Let
⊛2 〈α(δ,i) : i < µ〉 list Cδ in increasing order.
We then let
• ΞS = {η¯ : η¯ = 〈ηδ : δ ∈ S〉, ηδ is an increasing ω-sequence of ordinals < µ
divisible by χ with limit µ} and
• for each η¯ ∈ ΞS we define Mη¯ as the standard model with set of elements:⋃
{
∏
ℓ<n
λℓ : n < ω} ∪ {〈χ× ηδ(n) + ν(n) : n < ω〉 : δ ∈ S and ν ∈ A
∗},
noting that χ ≤ χℵ0 < µ as χℵ0 ≤ µ < µℵ0 where A∗ is from the claim
and we naturally have assumed χ < λ0.
Now suppose M∗ ∈ Ktr
λ¯
is standard, choose P such that:
⊛2 (a) P is a family of subsets of M
∗
(b) each A ∈ P is of cardinality ≤ |A∗| hence ≤ µ
(c) P has cardinality < µℵ0
(d) if f : A∗ →M∗ then for some u ∈ P the set {ν ∈ A∗ : f(ν) ∈ u}
does not belong to J0χ↾A
∗.
Now such P exists as ‖M∗‖ = λ and UJ0χ↾A∗(λ) < µ
ℵ0 .
For each δ ∈ S let
⊛3 (a) Bδ[u,M
∗] := {min(Cδ\ν(n)), n < ω and ν ∈ u satisfies
δ = ∪{ν(n) + 1 : n < ω}} for u ∈ P
(b) Pδ[M
∗] := {Bδ[u,M∗] : u ∈ P} so ⊆ [Cδ]≤χ
ℵ0
(c) for u ∈ Pδ[M
∗] let Ωδ(u) = {min(Cδ\ν1(n)) : n = ℓg(ν1 ∩ ν2)
where ν1 6= ν2 ∈ u}
(d) Sδ[M
∗] =: {v ⊆M : v countable and every α ∈ v is divisible by χ
and for some u ∈ Pδ[M∗] every α ∈ v
satisfies [α, α + χ) ∩ Ω(u) 6= 0}.
So Sδ[M
∗] is a subset of [µ]ℵ0 of cardinality ≤ |P| × χℵ0 which is < µℵ0 recalling
2ℵ0 ≤ χℵ0 < µℵ0 . Hence there is an unbounded vδ ⊆ {χi : i < µ} of order type ω
which is almost disjoint to every v ∈ Sδ[M∗]. Let ηδ enumerate vδ in increasing
order so, η¯ =: 〈ηδ : δ ∈ S〉 belongs to ΞS , hence Mη¯ is well defined and belongs to
Ktrλ . It suffices to prove that Mη¯ is not embeddable into M
∗. So assume toward
contradiction that f is an embedding of Mη¯ into M
∗, and let
UNIVERSAL STRUCTURES 7
E = {δ < λ : δ is a limit ordinal and for every ν ∈ ω>δ,
f(ν) ∈ ω>δ and for every ν ∈ ω>λ,
ν ∈ Rang(f)⇒ ν ∈ Rang(f ↾ ω>δ)}.
Clearly E is a club of λ hence there is δ ∈ S which is an accumulation point of
E and Cδ ⊆ E. We define a function g from A∗ into M∗ by: for ν ∈ A∗ we let
g(ν) = f(〈χ × ηδ(n) + ν(n)) : n < ω〉) ∈ M∗. Now apply the definition of Pδ to
the mapping g hence A′∗ := {ν ∈ A∗ : g(ν) ∈ u} ∈ (J
0
χ)
+ for some u ∈ P.
So by the definition of the ideal J0χ, we know that (∃
∞n)(∃α ∈ Ωδ(u))(ηδ(n)+µ =
α+ µ) recalling ⊛3(c). We get contradiction to the choice of ηδ. 0.4
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§ 1. More on Abelian groups
This section originally was part of [Sh:622] and earlier of [Sh:552], but as the
papers were too long, it was delayed.
Improving [Sh:522, 7.5] we get results on non-existence of universal for suitable
trees.
From the following results on trees we can deduce results, e.g. on universal
reduced separable Abelian p-group (under embeddings, not pure embeddings!), i.e.
K
rp(p)
λ .
Remark 1.1. 1) So we can conclude the non-existence of universal member in classes
which we can reduce to such trees, e.g., reduced separable p-groups, see [KjSh:455].
2) Inspite of all cases dealt with in [Sh:552], there are still some “missing” car-
dinals (see discussion in [Sh:622, §0]). Concerning λ singular satisfying 2ℵ0 <
µ+ < λ < µℵ0 , clearly [Sh:622, 2.8=2.7t,3.14=3.12t], [Sh:g] indicates that at least
for most such cardinals there is no universal: as if χ ∈ (µ+, λ) is regular, then
cov(λ, χ+, χ+, χ) < µℵ0 .
Let us mention concerning Case 1 (see [Sh:622, §0]), see Definition 1.3 below.
Observation 1.2. 1) If λ = λℵ0 then in the class (Krtfλ ,≤pr), defined in 1.3(5)
below there is a universal member, in fact it is homogeneous universal.
2) If λ =
∑
n<ω
λn and ℵ0 ≤ λn = (λn)ℵ0 < λn+1 then in (Krtfλ ,≤pr) there is
a universal member (the parallel of special models for first order theories). (See
Fuchs [Fuc73] on such Abelian groups).
3) (Krtf ,≤pr) has the amalgamation and JEP; is an a.e.c. (see [Sh:h]) and is stable
in λ if λ = λℵ0 .
Recalling
Definition 1.3. 1) Ktfλ is the class of torsion-free Abelian groups of cardinality λ.
Let Ktf = ∪{Ktfλ : λ a cardinal} and similarly K
tf
≤λ.
1A) Krtft¯,λ is the class of G ∈ K
rtf
λ such that there is no x ∈ G\{0} divisible by
∏
ℓ<k
tℓ
for every k < ω recalling 0.2(2).
1B) Let Krtft¯ = ∪{K
rtf
t¯,λ : λ a cardinal}.
1C) G ∈ Krtf
t¯
is called t¯-complete when every Cauchy sequence under dt¯ in G has
a limit where dt¯ is defined in 1.3(3) below.
2) Let
(a) T = {t¯ : t¯ = (tn : n < ω), 2 ≤ tn ∈ N},
(b) we call t¯ ∈ T full when (∀k ≥ 2)(∃n)[k divide
∏
ℓ<n
tℓ], equivalently (∀n)(∃m)[m >
n ∧ n|
m∏
ℓ=n
tℓ], equivalently, every prime p, divide infinitely many tn’s
(c) we say G is t¯-divisible when every x ∈ G is divisible by
∏
ℓ<n
tℓ for every n.
3) For G ∈ Krtft¯,λ let G
[t¯] be the dt¯-completion of G where dt¯ = dt¯[G] is the metric
defined by dt¯(x, y) = inf{2
−k :
∏
ℓ<k
tℓ divides x− y in the Abelian group G}, justify
by 1.4(3), pedantically determined only up to isormophism over G.
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4) Let Kcrtft¯,λ be the class of G ∈ K
rtf
t¯,λ which are t¯-complete (i.e. G = G
[t¯]).
5) For those classes, ≤ means being a subgroup and (≤pr means pure subgroup).
6) We say t¯, s¯ ∈ T are equivalent when Krtft¯ = K
rtf
s¯ .
Observation 1.4. 1) t¯ is full iff t¯ is equivalent to 〈n! : n ∈ N〉 iff for every m
power of prime, for some n,m divides
∏
ℓ<n
tℓ.
2) If t¯ is full then every G ∈ Ktf can be represented in fact uniquely as the direct
sum G1 +G2 where G1 is divisible, G2 ∈ Krtft¯ .
3) For G ∈ Krtft¯ , dt¯ is a metric on G.
4) If G ∈ Krtft¯ then there is G
′, called the t¯-completion of G, such that
(a) G ≤pr G′ ∈ Krtft¯
(b) G′ is t¯-complete
(c) G is dense in G′ by the metric dt¯
(d) if G′′ satisfies (a),(b),(c) then G′′, G′ are isomorphic over G.
Proof of 1.4:
Should be clear.
Proof. Proof of 1.2
Let tn = n! for parts (1),(2),(3) and let t¯ = 〈tn : n < ω〉.
The point is
(a) (α) for G ∈ Krtft¯ , G ≤pr G
[t¯] ∈ Krtft¯ and G
[t¯] has cardinality ≤ ‖G‖ℵ0
and G[t¯] is dt¯-complete, remember G
[t¯] is the dt¯-completion of G,
it is unique up to isomorphism over G
(β) if G1 ≤pr G2 then G
[t¯]
1 ≤pr G
[t¯]
2 , more pedantically: if G1 ≤pr G2
≤pr G3 is t¯-complete then G
[t¯]
1 can be embedded into G3.
Recall Kcrtft¯ is the class of dt¯-complete G ∈ K
rtf
t¯ .
Easily:
(b) (Kcrtf
t¯
,≤pr) has amalgamation, the joint embedding property and the LST
(= Lo¨wenheim-Skolem-Tarski) property down to λ for any λ = λℵ0
(c) if G′ ≤pr G′′ are from Kctrf then we can find ≤pr-increasing sequence
〈Gα : α ≤ α(∗)〉 of members of Kcrtf such that
(α) G′ = G0, G
′′ = Gα(∗)
(β) xα ∈ Gα+1\Gα
(γ) Gα+1 is the t¯-completion inside Gα+1 of the pure closure of Gα⊕Zxα
so Gα+1/Gα has rank 1, i.e. is embeddable into (Q,+)
(δ) for α limit, Gα is the t¯-completion of ∪{Gβ : β < α}.
(d) for each G ∈ Kcrtft¯,≤λ, we can find 〈(Gi, xi) : i < λ
ℵ0〉 such that:
(i) G0 = G,Gi is ≤pr-increasing continuous, xi ∈ Gi+1 ∈ Kcrtft¯,λ
(ii) if G ≤pr G′, x ∈ G′ ∈ Kcrtft¯,λ and G
′ is the t¯-completion of the pure
closure of G + Zx inside G′ then we can find i < λℵ0 and a pure
embedding h of G′ into Gi+1, h ↾ G = the identity, h(x) = xi (so
h′′(Gi) ≤pr G).
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(e) if λ,G,Gi, λi(i < λ
ℵ0) are as in (d) and we let G∗ = ∪{Gi : i < λℵ0} then
(α) G ≤pr G∗ ∈ Krtfλℵ0
(β) if G ≤pr G′ ∈ Ktrλℵ0 then G
′ can be purely embedded into Gλ over G
(f) if Gℓ ∈ Kctrft¯,λ and 〈G
ℓ
i , λ
ℓ
i : i < λ
ℵ0〉, Gℓ∗ are as in clauses (d),(e) for ℓ = 1, 2
and π is an isomorphism from G1 onto G2 then there is an isomorphism
π+ from G1∗ onto G
2
∗ extending π
(g) if λ = Σ{λn : n < ω}, λn = λℵ0n < λn+1 and G ∈ K
rtf
λ then we can find
G′, G′n such that
(α) G ≤pr G
′ ∈ Krtfλ
(β) G′n ∈ K
crtf
λn
(γ) G′n ≤pr G
′
n+1; moreover there is 〈G
′
n,i, x
′
n,i : i < λ
ℵ0
n 〉 as in (d) for G
′
n
such that G′n+1 = ∪{G
′
n,i : i < λ
ℵ0
n }
(δ) G′ = ∪{G′n : n < ω}.
(h) give λ, λn as in (g), if G
′, G′′ are as G′ is in (g) then G′, G′′ are isomorphic.
The result now follows. 1.2
In 1.6(2) below we prove no-universal in λ = λℵ0 , using [Sh:309, Th.1.1], for the
reader’s convenience we quote the special case used.
Fact 1.5. If λ = λℵ0 and X is a set of cardinality ≤ λ then we can find a sequence
f¯ = 〈fη : η ∈ ωλ〉 such that:
(a) fη is a function from {η↾n : n < ω} into X
(b) if f is a function from ω>λ to X then for some η ∈ ωλ we have fη ⊆ f .
Claim 1.6. Assume t¯ ∈ T is not full.
1) (Krtft¯ ,≤pr) fails amalgamation and also (K
rtf
t¯ ,≤) fails amalgamation.
2) If λ = λℵ0 then in (Krtft¯,λ,≤) there is no universal member, even for the ℵ1-free
ones.
Proof. Let p be a prime witnessing t¯ is not full and n∗ = max{n : p divide tn}.
For every S ⊆ ωλ we let GS the Abelian group generated by {xη : η ∈ ω>λ} ∪
{yη,n : η ∈ ωλ and n < ω} freely except the equations:
• tnyη,n+1 = yη,n − xη↾(3n) if n < ω and n > n∗, η ∈ S
• tnyη,n+1 = yη,n + pxη↾(3n+1) − xη↾(3n+2) if n < ω, η /∈ S and n > n∗.
Now
⊞ if S0, S1 ⊆ ωλ, η ∈ S1\S2 and G = ΣnZxη↾n then G ≤pr GSℓ for ℓ = 1, 2
and GS0 , GS1 cannot be ≤pr-amalgamated over G.
[Why? Toward contradiction assume G ≤pr H ∈ Krtft¯ and πℓ is a pure embedding
of GSℓ into H over G, for ℓ = 1, 2. Let zn = π2(yη,n)− π1(yη,n) for n < ω. Hence
• n > n∗ ⇒ tnzn+1 = zn
• n > n∗ ⇒ pzn+1 = zn + pxη↾(3n+1) − xη↾(3n+2).
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It follows that n2 > n1 ≥ n∗ ⇒ (
n2∏
ℓ=n1
tℓ)zn = zn1 hence zn1 ∈ H is divisible
by
n2∏
ℓ=n1+1
tℓ for every n2 > n1 hence zn1 = 0H ; hence for n > n∗, pxη↾(3n+1) −
xη↾(3n+2) = pzn+1 − zn = 0 so p divides xη↾(3n+2), a contradiction.]
This is enough for part (1), for part (2) we apply the simple black box of [Sh:309,
Th.1.1], i.e. 1.5. 1.6
Remark 1.7. 1) See more in [Sh:300, Ch.II,§3] = [Sh:300b].
2) This holds also for K
rs(p)
λ the class of reduced separable Abelian p-groups see
1.10.
We may wonder whether the existence result of 1.2 holds for a stronger embed-
dability notion. A natural candidate is
Definition 1.8. Let G0 ≤t¯ G1 if: G0, G1 are Abelian groups on which ‖ − ‖t¯ is
a norm, G0 ≤pr G1 and G0 is a dt¯-closed subset of G1 (but Gℓ is not necessarily
t¯-complete!).
We prove below that for µ strong limit of cofinality ℵ0 the answer is positive, but
for cardinals like i+ω < (iω)
ℵ0 the question on the existence of universals remain
open.
Fact 1.9. 1) If λ is strong limit, ℵ0 = cf(λ) < λ, then there is a universal member
in Krtfλ .
2) Similarly in (Krtft¯,λ, <t¯) where t¯ = 〈tℓ : ℓ < ω〉 ∈ T.
3) For a prime number p, similarly for (K
rs(p)
λ ,≤〈p:ℓ<ω〉), see Definition 1.10 below.
Definition 1.10. For a prime number p, and cardinal λ we let K
rs(p)
λ be the class
of Abelian p-groups which are reduced and separable of cardinality λ.
Proof. Let K be the class and ≤∗ the partial order. Let λn < λn+1 < λ =
∑
λn
and 2λn < λn+1. The idea in both cases is to analyze M ∈ Kλ as the union of
increasing chain 〈Mn : n < ω〉,Mn ≺L
λ
+
n ,λ
+
n
M, ‖Mn‖ = 2λn , λn < λ.
Specifically, we shall apply 1.11, 1.13 below with:
K = Krtf
µn = (2
λn)+
≤1=≤0 is :M1 ≤1 M2 iff (M1,M2 ∈ K and) M1 ≤∗ M2
≤2 is :M1 ≤2 M2 iff M1 ≤1 M2 and
M1 ≺Lℵ1,ℵ2 M2, or just :
if G1 ⊆M1, G1 ⊆ G2 ⊆M2,
and G2 is countable then there is an
≤1 -embedding h of G2 into M1 over G1.
We should check the conditions in 1.11 which we postpone.
We shall finish the proof after 1.13 below. 1.9
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Claim 1.11. Assume
(a) K is a class of models of a fixed vocabulary closed under isomorphism,
Kλ 6= ∅
(b) λ =
∑
n<ω
µn, µn < µn+1, 2
µn < µn+1, µn is regular and the vocabulary of K
has cardinality < µ0.
(c) ≤1 is a partial order on K, (so M ≤1 M) preserved under isomorphisms,
and if 〈Mi : i < δ〉 is ≤1-increasing and continuous then Mδ =
⋃
i<δ
Mi ∈ K
and i < δ ⇒Mi ≤1 Mδ (so (K,≤1) satisfies a quite weak version of a.e.c.
see [Sh:88r] = [Sh:88])
(d) (α) ≤2 is a two-place relation on K, preserved under isomorphisms
(β) [weak LST] if M ∈ Kλ then we can find 〈Mn : n < ω〉 such that:
Mn ∈ K<µn ,Mn <2 Mn+1 and M =
⋃
M<ω
Mn
(e) [non-symmetric amalgamation] ifM0 ∈ K<µn ,M0 ≤1 M1 ∈ K<µn+2, N
1 ≤2
N2 ∈ K<µn+1 , h
1 an isomorphism from M0 onto N
1, then we can find
M2 ∈ K<µ(n+2) such that M1 ≤1 M2 and there is an embedding h
2 of N2
into M extending h1 satisfying h(N2) ≤1 M2.
Then we can find 〈Mαn : n ≤ ω〉 for α < 2
<µ0 such that:
(α) Mαn ∈ K<µn ,M
α
n ≤1 M
α
n+1,M
α
ω =
⋃
n<ω
M∗n
(β) if M ∈ Kλ and the sequence 〈Mn : n < ω〉 is as in clause (d)(β) then
for some α < 2<µ0 we can find an embedding h of M into Mαω satisfying
h(Mn) ≤1 Mαn+2 (if K = (K,≤1) is an a.e.c. we get that h is a ≤K-
embedding of M into Mαω ).
Proof. Let
K′0 =
{
M : M ∈ K has universe an ordinal
< µ0, and there is 〈Mn : n < ω〉 as in clause (d)(β)
with M0 ∼= M
}
.
Clearly K ′0 has cardinality ≤ 2
<µ0 , and let us list it as 〈Mα0 : α < α
∗〉 with
α∗ ≤ 2<µ0 . We now choose, for each α < α∗, by induction on n < ω,Mαn such that:
(i) Mαn ∈ K has universe an ordinal < µn
(ii) Mαn ≤1 M
α
n+1
(iii) if N1 ≤2 N2, N1 ∈ K<µn , N
2 ∈ K<µn+1 , h
1 is an embedding of N1 into
Mαn+1 satisfying h
1(N1) ≤1 Mαn+1 then we can find h
2, an embedding of
N2 into Mαn+2 extending h
1 such that h2(N2) ≤1 Mαn+2.
For n = 0, 1 we do not have much to do. (If n = 0 useMα0 ; if n = 1 let 〈Mn : n < ω〉
be as in clause (c), M0 ∼= Mα0 and use M
α
1 such that (M1,M0)
∼= (Mα1 ,M
α
0 )).
Assume Mαn+1 has been defined, and we shall define M
α
n+2, let {(h
1
n,ζ , N
1
n,ζ, N
2
n,ζ) :
ζ < ζ∗n} where ζ
∗
n ≤ 2
<µn+1 list the cases of clause (iii) that need to be taken care of,
with the set of elements of N2n,ζ being an ordinal. We shall choose 〈Nn+1,ζ : ζ ≤ ζ
∗
n〉
which is ≤1-increasing continuous satisfying Nn+1,ζ ∈ K<µn+2 . We choose Nn+1,ζ
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by induction on ζ. Let Nn+1,0 = M
α
n+1, for ζ limit let Nn+1,ζ =
⋃
ξ<ζ
Nn+1,ξ and
use clause (c) of the assumption.
Lastly, for ζ = ξ+1 use clause (e) of the assumption with h1n,ζ(N
1
n,ξ), Nn+1,ξ, N
1
n,ξ, N
2
n,ξ,
h1n,ξ, Nn+1,ξ+1 here standing for M0,M1, N
1, N2, h1, h2,M2 there.
Having carried the induction on ζ ≤ ζ∗n we let M
α
n+1 = Nn+1,ζ∗α ; so we have
carried the induction on n.
Having chosen the 〈〈Mαn : n < ω〉 : α < 2
<µ0〉 let Mαω = ∪{M
α
n : n < ω} hence
by clause (c) of the assumption, Mαω ∈ Kλ and n < ω ⇒ M
α
n ≤1 M
α
ω . Clearly
clause (α) of the desired conclusion is satisfied. For clause (β) let M ∈ Kλ. By
clause (d) of the assumption we can find a sequence 〈Mn : n < ω〉 such that Mn ∈
K<µn ,Mn ≤2 Mn+1 and M = ∪{Mn : n < ω}. By the choice of 〈M
α
0 : α < 2
<µ0〉
there is α < 2<µ0 such that M0 ∼= Mα0 , and let h0 be an isomorphism fromM0 onto
Mα0 . Now by induction on n < ω we choose hn, an embedding of Mn into M
α
n+1
such that hn(Mn) ≤1 Mαn+1 and hn ⊆ hn+1. For n = 0 this has already been done
as h0(M0) = M
α
0 ≤1 M
α
1 . For n+ 1 we use clause (iii).
Lastly, h = ∪{hn : n < ω} is an embedding of M into Mαω as required. 1.11
Remark 1.12. 1) We can choose 〈Mα0 : α < α
∗〉 just to represent K<µ0 , and similarly
later (and so ignore the “with the universe being an ordinal”).
2) Actually, the family of 〈Mn : n < ω〉 as in clause (c) such that Mn has set of
elements an ordinal, forms a tree T with ω levels with the n-th level having ≤ 2<µn
members, and we can use some free amalgamations of it. This gives a variant of
1.11.
3) We can put into the axiomatization the stronger version of (d) from 1.11 proved
in the proof of 1.9 so we can weaken (β) of 1.13 below.
4) E.g., in (d) we can add Mn <∗ M and so weaken clause (β) of 1.11.
Conclusion 1.13. 1) In 1.11 we can add
∧
n
∧
α
[Mαn =M
0
n] provided that:
(f)+ there is M∗ ∈ K<λ such that in clause (d)(β) we can add “M0 is ≤1-
embeddable into M∗”.
2) In 1.11 there is in Kλ a universal member under ≤1-embedding if in addition
we add to the assumptions of 1.11:
(f)+ as in part (1)
(g) if Mn ≤1 Mn+1,Mn ≤1 Nn, Nn ≤2 Nn+1 and Mn ∈ K<µn+2 and Nn ∈
K<µn+1 for n < ω then
⋃
n<ω
Mn ≤0
⋃
n<ω
Nn.
Proof. Easy.
Continuation of the proof of 1.9
We have to check the demands in 1.13 and 1.11.
The least trivial clause to check is (e).
Clause (e): (non-symmetric amalgamation)
Without loss of generality h1 = the identity, N
1 ∩M1 = M0 = N0. Just take
the free amalgamationM = N1 ∗M0 M1 (in the variety of Abelian groups) and note
that naturally M1 ≤1 M . 1.13
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∗ ∗ ∗
Discussion 1.14. 1) Can we in 1.11, 1.13 replace cf(λ) = ℵ0, by cf(λ) = θ > ℵ0?
If increasing union of chains in K<λ of length < θ behaves nicely then yes, with no
real problem.
More elaborately
(i) in 1.11(c), we get 〈Mε : ε < θ〉 such that Mε ∈ K<µε , 〈Mε : ε < θ〉 is
⊆-increasing continuous, Mε <2 Mε+1,M = ∪{Mε : ε < θ〉
(ii) we add: if 〈Mi : i ≤ δ〉 is ≤1-increasing continuous, Mi ∈ K<λ and i < δ ⇒
Mi ≤1 N then Mδ ≤i N .
Otherwise we seem to be lost.
2) Suppose λ =
∑
n<ω
λn, λn = (λn)
ℵ0 < λn+1, and µ < λ0, λ < 2
µ (i.e., Case 6b of
[Sh:622, §0]). For t¯ ∈ T which is not weakly full, is there a universal member in
(Krtft¯,λ, <t¯)?
Assume V |= “µ = µ<µ, µ < χ” and P is the forcing notion of adding χ Cohen
subsets to µ (that is P = {f : f a partial function from χ to 2, |Dom(f)| < µ}
ordered by inclusion). So we have in VP : λ < λℵ0 and µ < λ < χ⇒ in (Krtf
t¯,λ
,⊆t¯)
there is no universal member. Proof is easy so consistently the answer is no.
Maybe continuing [Sh:E59, §2] = [Sh:e, Ch.III,§2] we can get consistency of the
existence.
3) Now if λ = λℵ0 then in (Kℵ1-freeλ ,⊆) there is no universal member; see [Sh:309]
= [Sh:e, Ch.IV], [Sh:622] because amalgamation fails badly. Putting together those
results clearly there are few cardinals which are candidates for consistency of ex-
istence. In (2), if there is a regular λ′ ∈ (µ, λ) with cov(λ, λ+, λ+, λ′) < 2µ then
contradict 1.2.
4) Considering consistency of existence of universal in (2), it is natural to try to
combine the independent results in [Sh:309] = [Sh:e, Ch.IV] and [DjSh:614].
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§ 2. The class of Groups
We know ([ShUs:789]) that the class of groups has NSOP4 and SOP3 (from
[Sh:500, §2]). We shall prove a result on the place of the class of groups in the
model theoretic classification. We know that it falls on “the complicated side”
for some division: it has the oak property (see on it [DjSh:710]), and of course is
unstable. This is formally not well defined as the definition there was for complete
first order theories. But its meaning (and “no universal” consequences) are clear in
a more general context, see below. Amenability is a condition on a theory (or class)
which gives sufficient condition for existence of somewhat universal structures and
in suitable models of set theory (see [DjSh:614]).
Definition 2.1.
(1) A theory T is said to satisfy the oak property as exhibited by (or just by)
a formula ϕ(x¯, y¯, z¯) iff for any λ, κ there are b¯η(η ∈ κλ) and c¯ν(ν ∈ κλ) and
a¯i(i < κ) in some model C of T such that
(a) η ⊳ ν and ν ∈ κλ then C |= ϕ[a¯ℓg(η)b¯η, c¯ν ]
(b) if η ∈ κ>λ and ηˆ〈α〉 ∈ ν1 ∈ κλ and ηˆ〈β〉 ∈ ν2 ∈ κλ, while α 6= β and
i > ℓg(η), then ¬∃y¯[ϕ(a¯i, y¯, c¯ν1) ∧ ϕ(a¯i, y¯, c¯ν2)]
and in addition ϕ satisfies
(c) ϕ(x¯, y¯1, z¯) ∧ ϕ(x¯, y¯2, z¯) implies y¯1 = y¯2.
(2) A theory T has the ∆-oak property if it is exhibited by some ϕ(x¯, y¯, z¯) ∈ ∆.
Claim 2.2. The class of groups has the oak property by some quantifier free for-
mula.
Remark 2.3. The original proof goes as follows.
Let w(x, y) be a complicated enough word, say of length k∗ = 100, see demands
below.
For cardinals κ, λ let G = Gλ,κ be defined as follows:
Let G be the group generated by {xi : i < κ} ∪ {yη : η ∈
κ>λ} ∪ {zν : ν ∈
κλ}
freely except the set of equations
Γ = {yν↾i = w(zν , xi) : ν ∈
κλ, i < κ}.
Clearly it suffices to show that
(∗)1 if ν ∈
κλ, i < κ and ρ ∈ iλ\{ν ↾ i} then G |= yρ 6= w(zν , xi).
Now
(∗)2 each word y
−1
ν↾iw(zν , xi) is so-called cyclically reduced [see [Sh:576, Ch.IV],
i.e. both w1 = y
−1
ν↾iw(zv, xi) and w2 = w(zv , xi)y
−1
ν↾i) are reduced, i.e. we
do not have a generator and its inverse in adjacent places]
(∗∗) for any two such words or cyclical permutations of them which are not
equal, any common segment has length < k∗/6.
Explanation and why this is enough see [LS77], no point to elaborate as this is not
used.
But we prefer to use the more ad-hoc but accessible proof.
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Proof. Proof of 2.2 Let G = G0 be the group generated by
Y = {xi : i < κ} ∪ {zν : ν ∈
κµ}
freely except (recalling [xy] = xyx−1y−1, the commutator) the set of equations
Γ2 = {[zν , xi] = [zη, xi] : i < κ, ν ∈ κλ, η ∈ κλ satisfy ν ↾ i = η ↾ i}. So for
i < κ, ρ ∈ iλ we can choose yρ ∈ G such that η ∈
κλ, η ↾ i = ρ ⇒ yρ = [zη, xi].
Let G1 be the group generated by set Y freely, let h be the homomorphism from
G1 onto G mapping the members of Y to themselves (using Abelian groups no two
members of Y are identified in G1). Let N = Kernel(h).
Clearly it suffices to prove
⊙
in G = G1/N if ν, η ∈ κλ and i < κ then [zν , xi] = [zη, xi]⇔ ν ↾ i = η ↾ i.
The implication ⇐ holds trivially. For the other direction let j < κ and η, ν ∈ κλ
be such that η ↾ j 6= ν ↾ j and we shall prove that G |= “yη↾j 6= yν↾j”.
Let N1 be the normal subgroup of G1 generated by
X∗ = {xi : i < κ and i 6= j} ∪{zρ : ρ ∈ κλ and ρ ↾ j /∈ {η ↾ j, ν ↾ j}}
∪{zρz−1η : ρ ∈
κλ and ρ ↾ j = η ↾ j}
∪{zρz−1ν : ρ ∈
κλ and ρ ↾ j = ν ↾ j}.
Clearly N∗ includes N . Let N0 = h(N∗), clearly N1 is a normal subgroup of G1
and h induces a homomorphism hˆ from G1/N1 onto G0/N0. Now looking at the
equations in Γ∗, G1/N1 is generated by {xi} ∪ {zη, zν}. Checking the equations
clearly G1/N1 is generated by {xi} ∪ {zη, zν} freely, hence G1/N1 |= “[zη, xi] 6=
[zν , xi]” which means [zη, xi]
−1[zν , xi] /∈ N1 hence /∈ N . So recalling the choice of
G1 and the Y ’s, we have G |= “yη↾j 6= yν↾j” as required. 2.2
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§ 3. More On the oak property
We can in the “no universal” results in [DjSh:710] deal also with the case of
singular cardinal.
Claim 3.1. We have univ(λ1, T ) ≥ λ2 when :
(a) T is a complete first order theory with the oak property, K = (ModT ,≺) or
at least
(a)′ K is an a.e.c. which has the ϕ-oak property, see Definition 2.1
(b) (i) κ = cf(µ) ≤ σ < µ < λ = cf(λ) ≤ λ1 ≤ λ2
(ii) κ ≤ σ ≤ λ1, |T | ≤ λ2
(iii) µκ ≥ λ2
(c) let C¯ = 〈Cδ : δ ∈ S〉, Cδ ⊆ δ, otp(Cδ) = µ, S ⊆ λ stationary, J =: {A ⊆ λ:
for some club E of λ, δ ∈ S ∩ A ⇒ Cδ * E}, λ /∈ J and α < λ ⇒ λ >
|{Cδ ∩ α : α ∈ nacc(Cδ), δ ∈ S}|
(d) UJ (λ1) < λ2
(e) for some P1,P2 we have
(i) P1 ⊆ [λ1]κ,P2 ⊆ [σ]κ
(ii) if g : σ → λ1 is one to one then for some X ∈ P2, we have
{g(i) : i ∈ X} ∈ P1
(iii) |P1| ≤ λ2
(iv) |P2| ≤ λ1.
Recall
Definition 3.2. 1) For N¯ = 〈Nγ : γ < λ〉 an elementary-increasing continuous
sequence of models of T of size < λ and for a, c ∈ Nλ =
⋃
γ<λ
Nγ and δ ∈ S, we let
invϕ,N¯ (c, Cδ, a) = {ζ < µ : (∃b ∈ Nα(δ,ζ+1) \Nα(δ,ζ))Nλ |= ϕ[a, b, c])}.
2) For a set A and δ, N¯ as above, let invAϕ,N¯(c, Cδ) =
⋃
{invϕ,N¯(c, Cδ, a) : a ∈ A}.
Proof. Step A: Assume toward contradiction θ =: univ(λ1, T ) < λ2, so let 〈N∗j :
j < θ〉 exemplifies this and θ1 = θ + λ1 + |T |+UJ (λ1).
Without loss of generality the universe of N∗j is λ1.
Step B: By the definition of UJ (λ1) there is A such that:
(a) A ⊆ [λ1]λ
(b) |A | ≤ UJ (λ1)
(c) if f : λ→ λ1 then for some A ∈ A we have {δ ∈ S : f(δ) ∈ A} 6= ∅ mod J .
For each X ∈ P1, j < θ and A ∈ A let Mj,X,A be an elementary submodel of N∗j
of cardinality λ which includes X ∪A ⊆ λ1, and let M¯j,X,A = 〈Mj,X,A,ε : ε < λ〉 be
a filtration of Mj,X,A.
Lastly, consider
B = {invXM¯j,X,A(a, Cδ) : j < θ,X ∈ P1, A ∈ A , δ ∈ S and a ∈Mj,χ,A}.
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Step C: Easily we have |B| ≤ θ1 < λ2, hence there is B∗ ∈ [µ]κ\B. Now let M∗
be a λ+-saturated model of T , in which ai, bη(η ∈ κ>(λ2)), cν (ν ∈ κ(λ2)), ϕ are
as in the definition of the oak property and for each Y ∈ P2, choose 〈NY,ε : ε <
λ〉, 〈cY,ε,δ : δ ∈ S〉 as in 3.1.
Let N ≺M∗, ‖N‖ = λ1 such that {ai : i < σ} ∪ ∪{Ny,ε : y ∈ P2, ε < λ} ⊆ N .
Step D: By our choice of 〈N∗j : j < σ〉, there is j(∗) < θ and elementary embedding
f : N → N∗j . By an assumption there are Y ∈ P1 such that {f(ai) : i ∈ Y } = X ∈
P2. Also by the choice of A there is A ∈ A such that {δ ∈ S : f(aY,δ) ∈ A} 6= ∅
mod D.
Now we can finish (note that we use here again the last clause in the definition
of the oak property). 3.1
Definition 3.3. 1) The formula ϕ(x¯, y¯, z¯) has the weak oak property in T (the first
order complete theory) if: as in Definition 2.1 omitting clause (c) (i.e. in [DjSh:710,
1.8]).
2) A complete first order theory T has the weak oak property when some ϕ(x¯, y¯, z¯)
has it in T .
3) For non-complete first order property T (or class K) we mean ϕ is quantifier
free.
Claim 3.4. Assume
(a) T has the weak oak property, |T | ≤ λ
(b) C¯ = 〈Cδ : δ ∈ S〉, J are as in (c) of 3.1.
Then for each B∗ ∈ [µ]κ, T has a model N∗ of cardinality λ and sequence 〈ai : i <
κ〉 of member of N∗ satisfying:
⊛ if N is a model of T of cardinality λ with filtration N¯ = 〈Nα : α < λ〉 and
f is an elementary embedding of N∗ into N then
{δ ∈ S : for some a ∈ N∗ we have
B∗ = inv
{f(ai):i<κ}
ϕ,N¯
(Cδ, a)} = S mod J.
Proof. As usual, there is N∗ |= T with filtration N¯∗ = 〈N∗i : i < λ〉 and I ⊆
κ>λ
of cardinality λ, 〈bη : η ∈ T 〉 and νδ ∈
κ(Cδ) ∩ limκ(T ) for δ ∈ S and 〈cνδ : δ ∈ S〉
such that
(a) 〈ai : i < κ〉, 〈bη : η ∈ T 〉, 〈Cνδ : δ ∈ S〉 are as in the Definition 3.3
(b) (νδ(i) ∩Cδ) = (the i-th member of B∗) + 1.
So let N, 〈Nε : ε < λ〉, f be as in the claim. Without loss of generality the universes
of N∗ and N are λ.
Let
E∗ = {δ < λ : δ limit, f
′′(δ) = δ, |Nδ| = δ = |N
∗
δ | and (N
∗
δ , N
∗
δ , f) ≺ (N
∗, N∗, f)}
it is a club of λ. For each i < κ let
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Wi = {α : for some δ ∈ S, α ∈ Cδ1 ⊆ E, νδ(i) > α,
but ϕ(f(ai), y, f(cνδ )) is satisfied (in N)
by some b ∈ Nα}
⊛ Wi is not stationary.
[Why? Let B ≺ (H (λ+),∈, <∗) be such that N¯, N¯∗, 〈aε : ε < κ〉, 〈bη : η ∈
T 〉, 〈cνδ : δ ∈ S〉 belong and B ∩ λ = α ∈ Wi and assume b ∈ B ∩ α,N |=
ϕ(f(ai), b, f(cνδ)). So there is δ
′ ∈ S ∩ δ such that N |= ϕ[f(a1), b, f(cνδ ). But
νδ(i) ≥ α > νδ′(i) hence ϕ(ai, y, cνδ ), ϕ(ai, y, cνδ′ ) are incompatible (in N
∗) hence
their images by f are incompatible in N by b satisfies both contradictions, so Wi
is not stationary.]
So there is a club E∗ of λ included in Eκ and disjoint to Wi for each i < κ. So
there is δ∗ ∈ S such that Cδ ⊆ E∗ and we get contradiction as usual. 3.4
Question 3.5. Can we combine 3.1, 3.4?
(For many singular λ2’s, certainly yes).
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